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!jectives

B Solve trigonometric integrals involving powers of sine
and cosine.

B Solve trigonometric integrals involving powers of secant
and tangent.

B Solve trigonometric integrals involving sine-cosine
products with different angles.



Integrals Involving Powers of
Sine and Cosine



!agrals Involving Powers of Sine and Cosine

In this section you will study techniques for evaluating
integrals of the form

f sin” x cos™ x dx and f sec™ x tan” x dx

where either m or n is a positive integer.

To find antiderivatives for these forms, try to break them
Into combinations of trigonometric integrals to which you
can apply the Power Rule.



!agrals Involving Powers of Sine and Cosine

For instance, you can evaluate | sinsx cos x dx with the
Power Rule by letting u = sin x. Then, du = cos x dx and
you have

fsin5xcosxdx= fu5du=g+ C =

To break up | sinm x cosn x dx into forms to which you can
apply the Power Rule, use the following identities.

gin?x + cos?x = 1 Pythagorean identity
. 1 — cos 2x _ Gl B, e oy
By Half-angle identity for sin* x
2
- 1 + cos 2x _ IR RTER .
COos“X = —————— Half-angle identity for cos- x
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grals Involving Powers of Sine and Cosine

GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SINE AND COSINE

1. When the power of the sine is odd and positive, save one sine factor and convert the remaining factors to
cosines. Then. expand and integrate.

Odd Convert to cosines  Save for du
S - T— -~ S
j sin?**1 x cos" xdx = J-llfsin2 x)fcos"xsinx dx = j{] — cos? x)*cos” x sin x dx
2. When the power of the cosine is odd and positive. save one cosine factor and convert the remaining factors
to sines. Then, expand and integrate.
Odd Convert to sines Save for du

p——

jsm’” xcos¥ Tl x dx = J-sm"” x(cos?x)* cos x dx = fsm”"" x (1 — sin? x)* cos x a’xE

3. When the powers of both the sine and cosine are even and nonnegative, make repeated use of the identities

s 1 — cos 2x 5 1 + cos 2x
sin™x = ————— and cos“x = Y

to convert the integrand to odd powers of the cosine. Then proceed as in the second guideline.



Smple 1 — Power of Sine Is Odd and Positive

Find fsin3 X cos* x dx.

Solution:

Because you expect to use the Power Rule with u = cos x,
save one sine factor to form du and convert the remaining

sine factors to cosines.

f sin’® x cos* x dx = | sin®x cos®* x(sin x) dx Rewrite.
= J (1 — cos?x) cos* x sin x dx Trigonometric identity
= | (cos* x — cos® x) sin x dx Multiply.




jample 1 — Solution

= fcos“xsinxdx - fcos6xsinxdx

_ —fcos4x(—sinx) dx + fcos6 x(—sin x) dx

B _cos5x N cos’ x s
5 7

Rewrite.

Integrate.

cont'd



S&grals Involving Powers of Sine and Cosine

Wallis's Formulas
1. If nis odd (n = 3), then

[owra= GYRE) - (5

2. If nis even (n = 2), then

[ corsae=(HE)D) - ()(2)

These formulas are also valid if cos” x is replaced by sin” x.



Integrals Involving Powers of
Secant and Tangent
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grals Involving Powers of Secant and Tangent

The following quidelines can help you evaluate integrals of
the form f

sec” x tan” x dx.

GUIDELINES FOR EVALUATING INTEGRALS INVOLVING POWERS OF SECANT AND TANGENT

1. When the power of the secant is even and positive, save a secant-squared factor and convert the remaining factors
to tangents. Then, expand and integrate.
Even Convert to tangants Save for du

o - .
L

’ sec xtan" x dx = ’ (sec? x)* 1 tan" x sect x dx = ’ (1 + tan®x}~ ! tan" x sec? x dx
2. When the power of the tangent is odd and positive, save a secant-tangent factor and convert the remaining factors
to secants. Then, expand and integrate.
Crdd Convert to secants  Save for du

0 " ——y ———

’ sec™ x tan* 1 x dx = ’ sec™ 1 x(tan? x)¥ sec x tan x dx = ’ sec™ 1 x{sec?x — 1)¥secx tan x dx

12
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grals Involving Powers of Secant and Tangent
cont'd

. When there are no secant factors and the power of the tangent is even and positive, convert a tangent-squared

factor to a secant-squared factor, then expand and repeat if necessary.

Convert (o secants

S
" N

"lan” xdx = [ tan” ~ 2 x{tan’x) dx = [tan" “Ix(secix — 1) dx
When the integral is of the form
” sec™ x dx

where m is odd and positive, use integration by parts, as illustrated in Example 5 in Section 8.2.

When none of the first four guidelines applies, try converting to sines and cosines.
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!mple 4 — Power of Tangent Is Odd and
sitive

Find |Ax
f\/secx

Solution:

Because you expect to use the Power Rule with u = sec x,
save a factor of (sec x tan x) to form du and convert the
remaining tangent factors to secants.

tan? x [
f dx = |(secx)"2tan? x dx

Vsec x )
i

= | (sec x)73/2(tan? x)(sec x tan x) dx

J

= f(sec x)73/2(sec? x — 1)(sec x tan x) dx
14



jample 4 — Solution

cont'd
= f[(sec x)'/2 — (sec x) 7 3/?](sec x tan x) dx

2
= g(sec x)32 + 2(sec x)712 + C
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Integrals Involving Sine-Cosine
Products with Different Angles
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!rals Involving Sine-Cosine Products with Different Angles

Integrals involving the products of sines and cosines of two
different angles occur in many applications.

In such instances, you can use the following product-to-
sum identities.

sin mx sin nx = —(cos [(m — n)x] — cos [(m + n)x])

—_ 2=

sin mx cos nx = 5 sin [(m — n)x] + sin [(m + n)x])

COS MX COS NX = % (cos [(m — n)x] + cos[(m + n)x])

17



Smple 8 — Using Product-to-Sum ldentities

Find fsin 5x cos 4x dx.

Solution:

Considering the second product-to-sum identity above, you
can write

fsin 5xcosdxdx = %f(sinx + sin 9x) dx

1 Ccos 9x
=<l - — +
2( COS X 9 ) C

cosSx  cos 9x
= — J— _|_ .
2 18 ¢

18
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