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Sjeetives

¥ Find the arc length of a smooth curve.

B Find the area of a surface of revolution.



Arc Length



!: Length

Definite integrals are use to find the arc lengths of curves
and the areas of surfaces of revolution.

In either case, an arc (a segment of a curve) Is
approximated by straight line segments whose lengths are
given by the familiar Distance Formula

d= V(x; = x)%+ (y, — y)2

A rectifiable curve is one that has a finite arc length.



!: Length

You will see that a sufficient condition for the graph of a
function f to be rectifiable between (a, f(a)) and (b, f(b)) is
that f' be continuous on [a, b].

Such a function is continuously differentiable on [a, b],
and its graph on the interval [a, b] is a smooth curve.



!: Length

Consider a function y = f(x) that is continuously
differentiable on the interval [a, b]. You can approximate the
graph of f by n line segments whose endpoints are
determined by the partition a =X, < Xx; <X, < <X, =b

as shown in Figure 7.37.

s = length of
curve from
atob

a b

Figure 7.37



s: Length

By letting Ax; = X, — x;_,and Ay; = y;— y;_,, you can
approximate the length of the graph by

§ = x-"";[-’ff — X))+ (i — yi—)’

_ 2 \/(a.xy 4 (i]zmr)
-5+ (8 @n

This approximation appears to become better and better as
Al =0 (n — o0).



s: Length

So, the length of the graph is

1 \2
s= lim »  /1+ (Ay”) (Ax;).

Jal=0 & Ax,

Because f(x) exists for each x in (x;_,, X;), the Mean Value
Theorem guarantees the existence of ¢; In (x;_4, X;) such

that
fOq) = fOg_y) = fle)b; = x;_y)
f("i)_ (; I)_f(F)




!: Length

Because f'is continuous on [a, b], it follows that 1 + [ f/(x)]?

IS also continuous (and therefore integrable) on [a, b],
which implies that

s = lim Z\/ I+ [f(e)]? (Ax)

1Al =0

= f V1 + [F(x)]? dx

where s is called the arc length of f between a and b.
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Definition of Arc Length

Let the function y = f(x) represent a smooth curve on the interval [a, b]. The
arc length of fbetween a and b is

§ = r V1 + [f(x)]?dx.

Similarly, for a smooth curve x = g(y). the arc length of g between ¢ and d is

- f ST g0 .
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jample 1 — The Length of a Line Segment

Find the arc length from (x,, y,) to (x,, ¥») on the graph of
f(x) = mx + b, as shown in Figure 7.38.

}\
A

3-.3\ -
/ LR

[ﬁ_w =mx+b

The formula for the arc length of the
graph of f from (x,. y,) to (x,, y,) is the
same as the standard Distance Formula.

Figure 7.38
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jample 1 — Solution

Because

It follows that

§ = flz\/l + | /(%) ]? dx

X, . 2
—f \/1+(y2 yl) dx
X Xy = X
|

TR R
B \/ (6, = x,)° (X)} -

Formula for arc length

Integrate and simplify.
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jample 1 — Solution

cont'd

_ \/(XQ — x)* + ()72 — y1)2 (xz - xl)

(x, — x))?

=V, —x)*+ (y, — y,)?

which is the formula for the distance between two points
In the plane.
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Area of a Surface of Revolution
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jea of a Surface of Revolution

Definition of Surface of Revolution

When the graph of a continuous function is revolved about a line, the resulting
surface is a surface of revolution.

The area of a surface of revolution is derived from the
formula for the lateral surface area of the frustum of a
right circular cone.
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jea of a Surface of Revolution

Consider the line segment in the figure below, where L is
the length of the line segment, r, is the radius at the left end

of the line segment, and r, is the radius at the right end of
the line segment.

1. >r

/
Axis of
revolution
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jea of a Surface of Revolution

When the line segment is revolved about its axis of
revolution, it forms a frustum of a right circular cone, with

S=2m7rL Lateral surface area of frustum

where

r = E(r + rz). Average radius of frustum

18



jea of a Surface of Revolution

Consider a function f that has a continuous derivative on
the interval [a, b]. The graph of fis revolved about the x-
axis to form a surface of revolution, as shown in Figure
7.43.

Figure 7.43.
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!ea of a Surface of Revolution

Let A be a partition of [a, b], with subintervals of width Ax..
Then the line segment of length AL, = VAx? + Ay? generates
a frustum of a cone.

Let r; be the average radius of this frustum.
By the Intermediate Value Theorem, a point d; exists
(in the ith subinterval) such that r; = f(d)).

The lateral surface area AS, of the frustum is
AS. =2mr AL,
= 2mf(d )~/ Ax? + Ay?

2
Ax; 20




!ea of a Surface of Revolution

By the Mean Value Theorem, a point ¢; exists in (x;_1, X;)

such that
, _ f(xi) — f(xi—1)
fle) = _
X T A
_ Ay;
B Ax,

So, AS, = 2mwf(d)~'1 + [f/c)]* Ax;, and the total surface
area

can be appro:

$ =203 fd)VT+ 1) Ax,

21



!ea of a Surface of Revolution

It can be shown that the limit of the right side as
Al -0 (n — o) is

S = 277f F)V1 + [ ()] dx.

In a similar manner, if the graph of fis revolved about the
y-axis, then S is

S = 27Tf xv' 1+ [F(x)]? dx.

a
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!ea of a Surface of Revolution

In these two formulas for S, you can regard the products
211f(X) and 2rx as the circumferences of the circles traced
by a point (x, y) on the graph of f as it is revolved about the
x-axis and the y-axis (Figure 7.44). In one case the radius
IS r = f(x), and In the other case the radius is r = x.

y = flx) |

| rY
I l'\"

(x, flx))

Axis of revolution

| |
r=flx)< |
| |

Axis of i b a b
revolution
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sea of a Surface of Revolution

Definition of the Area of a Surface of Revolution

Let y = f(x) have a continuous derivative on the interval [a, b]. The area S of the
surface of revolution formed by revolving the graph of f about a horizontal or
vertical axis is

b
S = Z?TJ ."{I] J1+ [_,l'”[lﬁ,)]2 dx v is a function of x.

where r(x) is the distance between the graph of f and the axis of revolution. If
x = g(v) on the interval [c, d], then the surface area is

i
5= 2?TJ r{_‘.-'] V1+ [3 ’{}F]]z dy x is a function of y.

where r(y) is the distance between the graph of g and the axis of revolution.
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Smple 6 — The Area of a Surface of Revolution

Find the area of the surface formed by revolving the graph
of f(x) = x3on the interval [0, 1] about the x-axis, as shown
In Figure 7.45.

Figure 7.45
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jample 6 — Solution

The distance between the x-axis and the graph of fis
r(x) = f(x), and because f(x) = 3x2, the surface area is

S =2

= 27T

J

2@

N gJo
T [(1 + 9)c4)3/2}l

T
_ T

27
~ 35

Ja

b
r(x)\/ 1+ [ f(x)]?>dx Formula for surface area

1

BV 1+ (3x2)2 dx

0

1
(36x3)(1 + 9x*)V2 dx Simplify.

Integrate.

3/2 0
(1032 — 1)

63.
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